ANALYTIC FUNCTIONS AND THE FOURIER
TRANSFORM OF DISTRIBUTIONS, II(*)

BY
LEON EHRENPREIS

1. Introduction. The present paper is a continuation of the work of Part I
(see [5]) in which we showed how to define the Fourier transform of an arbi-
trary distribution of L. Schwartz. We were led, in a natural manner, to the
consideration of linear functions on spaces of analytic functions. In §2, below,
we shall show how our previous methods apply also when dealing with in-
definitely differentiable maps on Euclidean space of compact carrier with
values in an arbitrary topological vector space V. The Fourier transform of
such a map is an “entire map of exponential type” of the Euclidean space into
V, and any such entire map of exponential type is the Fourier transform of
an entire map of compact carrier of the Euclidean space into V. Once this
generalized Paley-Wiener theorem is established, all our previous method on
the Fourier transform of distributions can be extended to this generalized
situation.

In this connection we should mention that there are two methods of
defining vector-valued distributions; the general kernel theorem of L.
Schwartz states that these two methods yield the same result. We present in
§2 a simple proof of this theorem.

We consider also in §2 the concepts of an analytic function on a topologi-
cal vector space, and, more generally, of an analytic map of one topological
vector space into another. Our notion of analytic map is a generalization of
analyticity for Banach spaces (see [6, Chapter 4]). We expect to use analytic
functions on the space D (see [5; 7]) to extend the theory of distributions of
L. Schwartz so as to apply to certain kinds of nonlinear differential equations.
In certain cases we can prove that our analytic functions are limits of poly-
nomials (i.e. belong to the ring generated by constants and linear functions).
This situation is markedly different from that for infinite dimensional Banach
spaces.

In §3 below, we consider some applications of the Fourier transform of
distributions to the study of functions analytic in the interior of a strip in the
complex plane, and having a very general type of boundary value on the
sides of the strip. We show that the functions considered are uniquely deter-
mined by their boundary values. We also establish a generalization of
Cauchy’s formula, by means of which we establish a generalization of the
following theorem of Phragmen and Lindelsf: Let F(z) be analytic in the
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strip @ <9(z) <b, continuous in the closed strip and satisfy | F(x+ai)| £ M,
| F(x+bi)| <M for all real x. Then, if F is not “too large” at infinity in the
strip ¢ £9(2) £b, we have I F (z)l < M whenever z lies in the above strip (see
[8]). This theorem states that if the restriction of F(z) to the two lines
94(2) =a, 9(2) =b lies in the space L., then the restriction of F(2) to any line
9(z) =¢, where a £c¢ =), is also in L,. We show that the space L, may be re-
placed by any of a very'general class of spaces, e.g. thespaces L, for 1 £p < o,
or the Fourier transform of these spaces. Our method of proof is of interest
since it is very different from the classical proofs.

The notation in this paper will be that of Part I (see [5]). In particular,
R(C) is real (complex) Euclidean space of dimension #. For each [ <0, D, is
space of indefinitely differentiable functions f on R whose carriers are con-
tained in the cube, center origin, side 2/; D is the inductive limit of the space
D, for [ integral. For each /, D; is the Fourier transform of the space ;, so
D, consists of all entire functions of exponential type =! which are rapidly
decreasing on R; D is the inductive limit of the spaces D; for [ integral and so
is the Fourier transform of D.

Theorems, Propositions, etc. will be numbered consecutively in each sec-
tion, and all cross references will refer to the section in which they are made
unless the contrary is specifically stated.

2. Analytic vector-valued maps. We shall develop the theory of analytic
maps of C (or a subregion) into a complete, locally convex, topological vector
space. Following a suggestion of Professor Chevalley, we shall use Morera’s
theorem as the defining property of analytic maps, because, as will be seen
later, it is usually the simplest property to verify. Naturally, no claim is
made to originality of the results of the first part of this section, although we
expect the later introduced concepts of an analytic function on an arbitrary
topological vector space and of an analytic map of one topological vector
space into another to play an important role in the further development of
the theory of distributions, especially in regard to nonlinear partial differen-
tial equations.

For simplicity, in this section we shall restrict ourselves to the case n=1,
although our results can be extended to arbitrary # and even to more general
situations.

By “curve” we shall mean a simple rectifiable Jordan curve. When we
speak of a closed curve in a region 4, we shall assume that it is contractible
to a point in 4 and that its orientation is positive. The terminology in what
follows is that of [1].

If T is a curve, then the map f— [vf(2)dz for f a continuous function on C
is clearly a measure of compact carrier on C which we denote by pr.

Let V be a complete, locally convex, topological vector space, 4 a region
in C, and ¢ a map of 4 into V. We shall say that ¢ is an analytic map of A into
Vif
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1. ¢ is integrable with respect to pr whenever I'CA.

2. The image under ¢ of every compact subset of 4 is bounded in V.

3. If T is closed, [tdp=0.
Note that Conditions 1 and 2 are always satisfied if ¢ is continuous. We call
an analytic map ¢: C—V an entire map.

If t: A—V, we shall often write [rt(z)dz for [tdp.

PROPOSITION 1. Let ¢t be a map of A into V which satisfies Conditions 1, 2
above. Then t is analytic if and only if
3'. For every v E V', v't is an analytic function on A.

Proof. Suppose first that ¢ is analytic. Then for any &€V’ and T' any
closed curve in 4, by [L],

f vidp = o f tdp = 0.

It follows from Morera’s theorem that 't is an analytic function in 4.
The converse follows immediately from the definition of the integral (see

[1D.

ProrosiTiON 2 (CAUCHY'S FORMULA). Let t: A—V be analytic. Then for
any zCEA,
1 t(w)

t(z) = 7 dw

r w—2
where T is any closed curve containing the point z in its interior.

Note the absence of the usual factor 27 because of our choice of measure
(see §2 of [5]).
Proof. For any v € V7,

, (1 t(w) _i v - t(w) L,
v-(—{j‘rw_.zdw)— ifr w_zdw—(vt)(z)

from which the result follows.

PROPOSITION 3. Let t: A—V be analytic. Then for any x€A4,
t(x+ h) — t(x)

= (W(x)
n—0,z+h€A h

exists and defines an analytic map t: A—V (which we call the derivative of ¢).
Thus, t has derivatives of all orders t® which are analytic maps of A—V (t® 1s
defined, for k>0 as the derivative of t*~V, with 1 =t). For each k, xE 4,

k! t(w)

WO =7 o
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where T' is any closed curve containing x in its interior.

Proof. Let x& A4, x+hEA. By Proposition 2,

x4+ k) —t(x) 1 t(w) 1 i(w)
_— = ——dw — — dw
h thdp (w—x — h) thdprw—x
1 t(w)
= — dw

iJr (w—2x)(w—2x—h)

where I is any closed curve containing x and x-#% in its interior. (We assume
that | k| is so small that, for all |#'| <|k|, x+4’ lies in the interior of T.)
It follows immediately that [r(¢(w)/(w—x)(w—x—h))dw depends continu-
ously on £, for such % as we are considering. Hence,

Hx + k) — t(x) _ 1 H(w)

1 M

h—0,z+hed h 1 Jr (w— x)?

dw.

A simple induction concludes the proof of the proposition.

PROPOSITION 4. Let t: A—V. A necessary and sufficient condition that t be

analytic is that, for each xS A, the limit
x4+ h) — t(x)
h—0,z+hed h

extsts.

Proof. The necessity was demonstrated in Proposition 3, so we demon-
strate the sufficiency. If the limit exists, then we know that ¢ is continuous
at each x&A. Further, since the limit exists, we know that, for each v E 1",

x&EA, the limit limy.o,s4nea W't(x+h) —v't(x))/h exists. Thus, v’t is an analyt-
ic function on 4. Combining this with Proposition 2, we obtain our result.

COROLLARY. Every analytic map is continuous.

ProPOSITION 5 (TAYLOR’S FORMULA). Let t: A—V be analytic and let aC A4 ;
call p the distance of a to the complement of A. Then for all |z—a‘ <p,

a)k

1(z) = ta) + ( — a)iW(a) + - - - + % 1®(a) + -

where the series converges uniformly in Iz—al =p' <p.
Proof. Let p’ <p; the series
1 z2—a (z — a)*

(1) + bt

w—a (w— a)? (w — a)t?

converges uniformly to 1/(w—z) for w on the circlel'w—al =p’+(p—p")/2
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and |z—a| =<p’. Let W be the space of functions analytic in the circle Iw—a|
<p'4(p—p')/2 and continuous on the boundary, with the topology of uniform
convergence on the circle I': |w—a| =p’+(p—p’)/2 so W is a Banach space.
Moreover, for each z with |z—a| <p’, the series (1) converges in W, and
uniformly so for |z—a| <p’. Now, f—i~'frt(w)f(w)dw is a continuous linear
map of W—V. Thus, for each z with |z—a| <p’,

i. H(w) dw=—17 H(w) dw+(z—a) Hw) o +
iJrw—2z i1Jr w—a 1 r (w— a)?
(z — o) H(w)

where the series converges uniformly in |z—a| <p’. The result now follows
from Proposition 3.

PROPOSITION 6. Let U be a filter of analytic maps ty: A—V. Suppose U
converges to @ map t: A—V uniformly on every compact set of A. Then t is an
analytic map.

Proof. By the corollary to Proposition 4, each ¢, is continuous, so that ¢ is
continuous. For any v &€ V’, denote by v’ U the filter base obtained from U by
replacing each # of U by v#,. Then ' U converges to vt uniformly on every
compact set of 4, so that ¢’¢ is analytic. Combining the above with Proposi-
tion 1, we have our result. -

ProPOSITION 7 (LIOUVILLE'S THEOREM). Let ¢ be an entire map into V such
that {t(z) },eg is bounded in V, or even weakly bounded. Then t is a constant.

Proof. Assume there exist 2;, 22 C such that #(z) #/(22). Then for some
v EV, (vt)(z1) # (v't)(22). But v’¢ is an entire bounded function, hence it is a
constant. This contradiction proves our result.

LEMMA 1. Let A be a region bounded by a closed curve I'. Let t be a continu-
ous map of A (the closure of A) into V whose restriction to A is analytic. Then,
for any zE A,

1 t(w)

i(z) = — dw.
i

r w—2

Proof. For any v/ €V,

a! H(w) _ 1 V'i(w) _ .
v~(_‘i—fr w—zdw)_ ifr w—zdw—v t(Z)

from which the result follows.

PROPOSITION 8. Let B be a topological space, and let A be a region bounded
by a closed curve T'. Let t be a map of AXB into V such that the restriction of
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t to T XB is continuous. For each bEB, denote by t, the map of A—V: ty(a)
=t(a, b); suppose that each t, is continuous and that its restriction to A is analyt-
ic. Then the restriction of t to A X B is continuous.

Proof. For each ¢« € 4, b €B we may write, by Lemma 1, #(a)
=1"1[1(ts(a)/(z—a))dz. It follows that b—ty(x) are equicontinuous maps of B
into V for x in any compact set of 4. This implies the truth of Proposition 8.

ProposiTiION 9 (MAXIMUM MODULUS PRINCIPLE). Let A be the region
bounded by a curve T'. Let t be a continuous map of 4 into V whose restriction to
A is analytic. Then {t(z) }.ed is contained in the smallest closed, convex, circled
set containing {t(z) },e I

Proof. What we must show is the following: Let ¥ €V’ and a>0 be so
chosen that |v’-t(z)| <a for all 2&T'; then also Iv' -t(z)| <a for all z&4. But,
v't is an analytic function on 4 which is continuous on 4; the result follows
from the classical maximum modulus theorem.

COROLLARY. Let A be the region bounded by a curve I'; let B be a topological
space, and let t: A X B—V. Suppose that, for some by& B, v, V, lims._s, _t(x, b)
=vo uniformly for x&I'. Then also limy.s, t(x, b) =vo uniformly for x< A.

Proof. By a preliminary transformation, we may restrict ourselves to the
case vo=0; the result is an immediate consequence of Proposition 9.

Let us denote by @4y the space of all analytic maps of 4 into V. Let W
be another complete, locally convex, topological vector space, and let
s: V>W. We shall say that s is an analytic map over A if, for any tE Quy,
SIE Qaw.

ProposiTION 10. For any A and any V, s is an analytic map over A of C
into V if and only if s is an entire map.

Proof. Suppose first that s is an entire map. Then for any tE Qu¢, st is a
continuous map of 4 into V. For any v'&€ V', we know that 's is an entire
function. Thus, v’st is an analytic function on A4; this means that st& G4y,
i.e. s is an analytic map over 4.

Conversely, if s is analytic over A4, then for any ' €V, v's is a function
on C with the property that w’st is an analytic function on 4 whenever ¢ is an
analytic function on A. This clearly implies that ®'s is an entire function;
since s is continuous, the result follows from Proposition 1.

The next two propositions are easily verified.

ProrosITION 11. For any voEV, and any region A, the map v—v-+v, is
analytic over A.

ProrosiTION 12. For any A, V, W, let s: V—W be a continuous linear map.
Then s is analytic over A.



456 LEON EHRENPREIS [November

ProPosITION 13 (LIOUVILLE'S THEOREM). Let t: V—W be an analytic map
over C such that the image of V under t is weakly bounded. Then t is a constant.

Proof. Assume ¢ is not a constant and let v, &V be so chosen that
t(v1) #~t(vs). Let s: C—V be the entire map s(2) =2v14(1 —2)v.. Then ¢s is an
entire nonconstant map into W whose image is weakly bounded. This contra-
dicts Proposition 7 and so concludes the proof.

Suppose W is a topological ring, and for w,, w,EW let w; o w, be their
product. Then for any region A the space Gaw can be made into a ring by
defining the product ¢ 0 ¢ of any ¢, £,E& Gaw to be the map 2—1,(2) o £2(2). It
follows easily from Proposition 4 that ¢, o ¢, is analytic, and that its derivative
is just £, 0 t5? +4 o t,. Again, for any V, the space of analytic maps of V into
W over A can be made, naturally into a ring. In particular, if W=C, we ob-
tain the ring of analytic functions on V. We can put various natural topologies
on these rings and obtain, in this way, interesting types of topological rings.

Instead of considering analytic maps of A—V we can consider certain
classes of entire mappings of C—V defined by certain properties of the coeffi-
cients of their Taylor expansions (e.g. an analog of the class of entire func-
tions of exponential type). We can consider similar notions in discussing
maps of V—W (e.g. maps s: V—WW such that st is an entire mapping into W
for every continuous linear map ¢: C—V.) In any case, the main sought-after
property is the analog of the Taylor expansion for certain types of analytic
maps of V—W. The problem is of the following form: Suppose W is a topo-
logical ring. When is every analytic map of V into W (of a suitable type) a
limit (in some sense) of linear combinations of constants and products of
continuous linear maps, i.e. when is the ring generated by constants and
continuous linear maps dense in the ring of all analytic maps (of a suitable
class)? The problem can be answered, at least partially, in case that W=C
and V is nuclear, e.g. V=9.

The method of deriving such results is the following: Let f be an analytic
function on D over C. Then we define for any # and any v&E D, (3%)(v; ) as
an #z-linear function on D by: (3%)(v; a) =f(v);

(a”f)(v) ai, 0, an)

i (0™ Y)(v+han; a1y * * 5 aner) — 37Y)(v; 81, + 4 Gai)
= lim

h—0 h
foranya, ay, - - -, . ED. (0*f)(v; ) is an n-linear function and 9"f is analytic
on DXDX - - - XD (n+1 factors) over C. By considering the linear maps
A—Xa of C—D we can prove easily that ».(3*)(0; a, @, - - -, a)/n! con-

verges to f(a) uniformly for a in any bounded set of D.

The Schwartz kernel theorem (see Espaces de fonctions différentiables @
valeurs vectorielles, J. Analyse Math. vol. 4 (1954-1955) pp. 87-148) tells
us that each (8%)(0; ) is a distribution on real Euclidean space of # dimen-
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sions. Using Fourier series, it is not hard to prove that the restriction of the
distribution (3%f)(0; ) to DX - - + XD (n factors) is the limit of polynomials
on D of degree n. (Compare an analogous argument in my paper, On the
theory of kernels of Schwartz, Proc. Amer. Math. Soc. vol. 7 (1956) pp. 713—
718). From this we derive the fact that f is the limit of polynomials.

In case that Vis a complex Euclidean space, then, instead of considering
all analytic maps of 4 into V, we can consider analytic maps of 4 into a subset
U of V, i.e. analytic maps ¢t: A—V for which ¢{(4) CU. Let W be a complete
topological vector space; we call a map s: U—W such that, if ¢ is an analytic
map of 4 into U then it is an analytic map of 4 into W, an analytic map of
U into W, (over 4). It can be shown that the set of analytic maps of U-W
over A is the same for all 4 which are relatively compact, we call these
simply the analytic maps of U—W. We can again introduce natural topol-
ogies and obtain interesting types of topological vector spaces and rings. We
hope to discuss all these topics in great detail at a later date.

THEOREM 1. Let FED; then z—1.F is an entire map into D. Similar results
hold for the spaces D', E, E' in place of D.

(For S€D’, z&C, we define 7.,.5€D’ by 7.S-G=S-7.,G.)

Proof. (a) We know that z—exp (¢z-)f is a continuous map of C into D.
Thus,

2 —F [exp (iz-)f] = r.F

is a continuous map of C into D. If T" is any closed curve in C, then for any

x&C
( f Pr,Fdz) (@)dz = f () (e)as
= f PF(x — 2)dz

=0

because F is an entire function. Thus, z—7.F is entire.

(b) If SED’, the continuity of z—7,S follows from the continuity of
z—exp (—12)T (for TED') of C into D', and the continuity of T—F(T) of
D’ into D’ (see [5, Proposition 1 of §3]. For T any closed curve in C and any

GED,
(ff,SdZ)- szS Gdz = fS T_,Gdz
r

=3S- fr-,Gdz =0
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by part (a) above. Thus, z2—7.S is entire.
(c) The proofs for the spaces E, E’ are similar.

THEOREM 2. For any FED, let t: C—D be the map t(z) =7,F. Then, for
any k=0, t®(2) =7, F®, If SED’, and if s: C—D’ is the map s(z) =7.S, then
s®(z) =7,S® where S®-G=(—1)kS-G® for any GED. Similar results hold
for the spaces E, E'.

Proof. (a) For any «x, 2&C, since H—H(x) is a continuous linear function
on D,

. TP —1,F . Flx—z—h) —F(x—2)
lim —————— (x) = lim
h—0 h h—0 h

= F(x — z)

= (rF D) ().

Thus, tV(2) =7,F®, The case k>1 is proven by induction.
(b) For any 2&C, GED, since S—S-G is a continuous linear function on
D,

. Tg+).S_TgS N Tz.f.hS'G—TpS‘G
lim ——— G = lim
2—0 h h—0 h
. ST G— S TG
= lim
h—0 h
=S - lim7_,,G — 7_.G
B0
= — S-7_,GW
= — S (rLG)W

by the result of part (a) above. Thus, (sV)(z) = —7.S™. The proof for £>1
is an easy induction.
(c) The proofs for the spaces E, E’ are similar.

COROLLARY. For any FED, the series Y z*F® /k! converges to 7.F uni-
formly for z in any compact set of C. Similar results hold for the spaces D', E, E'.

Let SED’ be such that {r,S}.cc is weakly bounded in D’. Then Propo-
sition 7 and Theorem 1 show us that 7,5=.S for all z&C. We claim that
S=aq(1) where a is a constant. Let T be the inverse Fourier transform of .S;
we show first that the carrier of T (see [6]) is just the point 0. Let fED
vanish for all x £5>0. Then clearly the sequence g,=exp (—n-)f converges
to zero in D. Thus, G,=71:#F—0 in D, so that S-G,—0. But,

S:Gn=71_nS'F=S§"F.

Thus, S-F=0, which means that the carrier of T is contained in the half-line
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[— o <x=0]. A similar calculation shows that the carrier of T must be con-
tained in the half-line [0 <x < = ]; thus, the carrier of T is just the point 0.

Thus, we may write (see [6]) T= D)., a;® where a; are complex num-
bers and 8” is the jth derivative of the Dirac measure. Let fED be 1 on a
neighborhood of the origin. Then, for any yER,

exp (y)T-f = 2 a8 exp (3°) = 2 a9,

Flexp (9)T] = -5 = S,

it follows that Y a;yi is constant for all real y. This clearly implies a; =0 for
>0. Thus, T'=a.8, or S=aq(1). We have proven:

THEOREM 3. Suppose for some SED', {1.5}.cc is weakly bounded in D'.
Then S is a constant, i.e. S=aq(1) for some aEC.

Since

COROLLARY. Let SED’ be doubly periodic, that is, suppose there are ay,
a: & C which are linearly independent over R and such that 74,,S=74,S=S. Then
S is a constant.

Proof. Let P be the “period parallelogram” for S, i.e. P is the closed
parallelogram in C with vertices 0, @i, a2, @1+a,. Then for any z&C there is a
yEP such that 7,5=r,S. Thus, the set {r,S}.cc is the same as {7,5},er.
But, the latter is compact, hence bounded, in D’ because of the continuity of
2—7,5 (see the proof of Theorem 1). Thus, in virtue of Theorem 3, S is a
constant.

THEOREM 4. Let SE D’ have the property that, for some sequence of positive
numbers ay— o, {7_i,S } is bounded in D'. Then, if T denotes the inverse Fourier
transform of S, the carrier of T is contained in the half-axis [0Sx< ©]. Con-
versely, if the carrier of T is contained in [0 <x < « |, then for any real number
b {7_iaS}azs is bounded in D'.

Proof. We demonstrate the converse first. If the carrier of T is contained
in [0 <x < » ] then, since the carrier of a distribution is a closed set, thereis a
p>0 so that the carrier of T is contained in [p<x< « ]. From this it follows
easily that {exp (—a-)T}ays is bounded in ©’. Thus, {7_iaS}azs is bounded
in D",

On the other hand, suppose {‘r_,-.,,,S} is bounded in D’. For any f€ D which
vanishes for x Zp <0, it is clear that exp (ax-)f—0 in D. Thus,

S-F(exp (ar-)f) = S -7—ia,F — 0.
Moreover, we even have 7_;S7_;,, F—0 uniformly in [ as £— . In particu-
lar, 7,57, F—0. But,
T_,‘akS' T—s'akF = S'Tiak(f—c'akF)
=S-F.



460 LEON EHRENPREIS [November

Thus, S- F=0 which means that the carrier of T is contained in [0 Sx< = ].

Let % be an entire function on C. For any fED, we define f*ED as fol-
lows: Let h(z)= D a;z" be the Taylor expansion of h. Then we define f*
= > a;fi; we must show that this series converges in ®. To this end, we note
that if f&€ Dy then all fi€ Dy Further, for any &, j

dk
7
max | (55 ) @]
dk dks dki 1
22 e e ()2 () 0 |G ) @
2€R,~15k, <k, . . —15k; Sk dX* dX*s aXki

where a is a positive number depending on k but not on j or f, and where the
— 1st derivative of f is defined to be 1. Thus,

(Ser)o

where b is a positive number which depends on % and the first k derivatives of
f. Moreover, if B is any bounded set in D, it is clear that we can choose a

b>0 so that
da
()@

for all fEB. Thus, the series Y a;f/ converge in ® uniformly for f in any
bounded set of D.

Let {g,} be a sequence of functions of Dy such that g,—g in Dr. Let N be
a convex neighborhood of zero in D Since the set of functions { g,,} is
bounded in Dg we can, by the above, find an integer J so large that for all p

©) max

zeR

max b

zeR

1
ZajgijZN, Za,g'e N.

jaJd jeJ
Next, we can choose an integer P so large that, for all p= P,
2 g € 2 aig’ + "y,
<J <J

Thus, for all p= P,
h j b
=2 08 Eg + N

This means that gy—g" in Dp. Since Dy is metrizable g—g* is a continuous

map of Dpinto itself. Thus (see [2]) g—g" is a continuous map of D—D.
Now, let A be a region in C and ¢: A—D an analytic map. Then we claim

that z—#(z)* is an analytic map of 4 into ®. For, since ¢ is continuous, the
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image under ¢ of any compact set in 4 is bounded in ®. Thus, Y _a;t(3)7 con-
verges uniformly for z in any compact set of 4. Further, each partial sum of
> a;it(z)? is an analytic map of A—®D since D is a topological ring. Thus, by
Proposition 6, z—¢(2)"* is an analytic map of A —D.

We have proven

THEOREM S. f—f" is an analytic map of D into D over any region A.

Since §: D—D is a continuous linear map, hence an analytic map, and
since the composition of two analytic maps is clearly analytic, we have

COROLLARY. For FED, let F*'= ) a;F*i (where F*i is the convolution of
F with itself j times). Then the series Y a;F*i converge uniformly in D for F in
any bounded set of D. Moreover, F—F** is an analytic map of D—D over any
region A.

We can perform a similar process for the spaces §, E instead of D, D.
Since every measure of compact carrier on C is contained in E, we can thus
define, for example, the exponential of such a measure. For example, if we
consider the element §V € E (derivative of the Dirac measure) then we find
asin §3 of [5], [60] exr =,. More generally, for any a€C

[5:1)] exp — 6,,.'.1.

We restate the above as

THEOREM 6. f—f* and F—F** are analytic maps over any region A CC of
&—& and E—E respectively. We have F(f*) = F**,

ProrposiTION 14. For any a, b&EC,

[a(l)lexp(b-)

a = 6¢+b.

Let V be a complete, locally convex, topological vector space and let
t: C—>V be an entire map of C— V. Suppose that, for every ¥ € V', v'¢ is an
entire function of exponential type, and that there is a ' >0 so that all v'¢
for o' €V’ are of exponential type <b’. Then we say that ¢ is an entire map of
exponential type =b’; the g.l.b. of all b’ satisfying the above condition is called
the exponential type of ¢.

Let V be a complete, locally convex, topological vector space and s: R—»V
a continuous map. We say that s is differentiable at x&ER if

lim (s(x + &) — s(x))/k = s®(x)

exists in V. We define similarly n-times differentiable maps and indefinitely
differentiable maps s of R—C, and the derivatives s® of s.

By the carrier of a map s: R—V we mean the closure of the set of x&€R
such that s(x)#0. Suppose that V is metrizable. Then we define the space
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Di(V) as consisting of all indefinitely differentiable maps of R—V whose
carriers are contained in [—!=<x<!]. The topology of D;(V) is defined by
means of the semi-norms

pii(s) = sup pi(s(x))

where p; is a sequence of semi-norms on V sufficient to define the topology of
V. It is not difficult to see that the spaces D,;(V) are complete and that the
spaces D;(V) for ! integral form a sequence of definition for a space D(V) of
type (£5) in the sense of Dieudonné and Schwartz (see [2]).

For any s€ED(V) we define its Fourier transform F(s) =¢ as the map of
C—V:t(z) =[s(x)e***dx. We can now extend the classical Paley-Wiener
theorem:

THEOREM 7. Let t be a map of C—V. A set of necessary and sufficient condi~
tions that t be of the form F(s) for sED(V) 1s:

(a) ¢t is an entire map of exponential type <.

(b) ¢ is rapidly decreasing on R, i.e. for any polynomial P of one variable,
{ P(x)t(x) } zcr 15 bounded in V.

Proof. It is easily seen that, if ¢ is of the form (s) for s& D, (V), then con-
dition (a) is satisfied. Condition (b) follows easily from the fact that §(s%)(z)
= (12)*F(s) for any £ =0.

Conversely, suppose that ¢ satisfies conditions (a) and (b). Then we verify
easily (from (b)) that the map u: R—V defined by u(y) = [t(x)e*¥dx is con-
tinuous. (The existence of the integral follows easily from (b).) Moreover, the
integrals [(ix)*(x)e**dy exist for each k>0, yER; u is indefinitely differ-
entiable and u® (y) = [(1x)*(x)e**dx. Furthermore, for any v'&V’, v't is, by
(a), an entire function of exponential type =l Thus, by the classical Paley-
Wiener theorem (see [5]),

) = [ ety = 0fory 2 L

Since this holds for all /&€ V’, we must have u(y) =0 for all y=1.
It remains to show that ¢=F (). For any v &€ V’, 2&C, by the classical
Fourier inversion formula, we have

o [ utyyeindy = [ v wionesny = vaue)

because v'u(y)=[v't(x)e’dx. Thus, by the Hahn-Banach theorem, £(2)
= [u(y)e~#vdy = (F(u))(2) which completes the proof.

Let us denote by Dy(V) the space of all entire maps of C into V of ex-
ponential type <! which are rapidly decreasing on R. The topology of Di(V)
is defined so that §: D;(V)—Dy(V) is a topological isomorphism. Thus, D:(V)
is a complete, metrizable, topological vector space.
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THEOREM 8. Let {t,-} be a sequence in Di(V). A necessary and sufficient
condition that t;—0 in Di(V) is: For any polynomial P in one variable, P(x)t;(x)
—0 wn V uniformly for xER.

Proof. For each j, call s;=F"1(¢;), so s;ED:(V); let a be a continuous semi-
norm on V. Suppose first that s;—0 in (V). Then, by the definition of the
topology of Di(V), it follows that, for any %, s°(x)—0 in V uniformly for
xER. Now, it is easily seen that, for any yER, (F(s®)) (y) = (43)*t,(y). Thus,
by well-known properties of the integral,

—izy

(@400 = a [ 5@ ay

® !
= sup afs; () | dy
zeR -1

for any y&R. It follows that, for any polynomial P in one variable, P(y)¢;(y)
—0 in V uniformly for y&ER.

Conversely, suppose that, for any polynomial P in one variable, P(y)t;(y)

—0in V uniformly for yER. Then, for any k, (¢¥)*;(y)—0 in V uniformly for

yER. Thus, for any *ER, as in the proof of Theorem 7, we have s{”(x)

= [(iy)*;(y)dy. Thus,
as" @) = [ 9 alio)ay.

Now, a(t;(y)) and a((zy)*+%;(y)) =y*+*a(t;(y))—0 uniformly for yER. It fol-
lows that [y*a(t;(y))dy—0 from which the result follows.

Denote by D(V) the inductive limit of the spaces D;(V) for ! integral, so
D(V) consists of all entire maps of C—V of exponential type which are
rapidly decreasing on R. § defines a topological isomorphism of D(V) onto
D(V), hence, in a natural manner (see [5]) & defines a topological isomor-
phism F of D(V)’ onto D(V)'. F may be regarded as a generalization of the
Fourier transform on the space of distributions (see [5]).

In the particular case V=D,(=D,;(C)), we have the following:

THEOREM 9. Let t: C—D, be an entire map into D, of exponential type <1,
such that t is rapidly decreasing on R. Then we may represent t as an entire
Sfunction of exponential type <1 on CXC which is rapidly decreasing on RXR.

Proof. We may write, by Theorem 7, t=F(s) where s€D;(D;). Call s*
the map of C—D; defined by (s*(z))(x) = (s(x))(z). We claim that s* is an
entire map of exponential type =!of C—®, which is rapidly decreasing on R.
Assume this is the case; by Theorem 7 we may write s*=%(x) where u
EDi(Dy). We write U(x, y) = (u(x))(y), so U is an indefinitely differentiable
function on RX R whose carrier is contained in the cube, center origin, side 2/,
Thus, by the classical Paley-Wiener Theorem (see [5]); the function T de-
fined by
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T(z, w) = f U(x, y)e i=e~wvdxdy

is an entire function of exponential on CXC which is rapidly decreasing on
RXR. It is readily verified that T'(z, w) = (¢(2))(w) for any (2, w)ECXC.

To conclude the proof, it remains to show that s* is an entire map of
exponential type =!I which is rapidly decreasing on R. Let WE D/ ; we can
find measures o, 0y, - - -, 6, on R whose carriers are contained in [—I<x <]
so that, for any fEDy, W-f= > [f@(x)df;(x). In particular, for any zEC,
W-s*(z) = 2 [s*(z)(x)db;(x). If T is any closed curve in C, then

W-frs*(z)dz = Zfd();(x) frs*(z)(f)(x)dz
- = [ a0 [ o
=0

because si(x) is an entire function. Thus, since s* is obviously continuous, s*
is analytic.
On the other hand, since s&D;(D;), we can find an M >0 so that, for all 2,

sup | (s9(2)(z)| < M exp (] 2]).

zeR,0S/=r

Thus, by the above,

A

RS o NI OPIEE]

M’ exp (] z])

where M’ = M(r+1) max [d|0;(x)].

This shows that s* is an entire map of exponential type =/. The fact
that s* is rapidly decreasing on R is easily verified. This completes the proof
of Theorem 9.

In addition to considering the space D(V)’, there is yet another way to
define vector-valued distributions, namely, by considering the continuous
linear maps of ® into V. We shall show that the two concepts coincide. First
we need

I\

LEMMA 2. Let us denote by DQ® V the algebraic tensor product of D and V,
that is, D@V consists of all finite sums of the form Y cif;i®u; where f;ED,
v;EV and c; are complex numbers. We consider D@V as a subspace of D(V)
by setting (D cif; ®v5)(x) = > cifi(x)v; for any xER. Then DOV is dense in
(V).

Proof. Let us define the map jy- D(V')—=D(V)’ by
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(4) Jvh k= f [h(x) - k(x)]dx

for any hED(V'), kED(V), where V' is the dual of V with the topology of
uniform convergence on the bounded sets of V. (It follows immediately from
the definition of the topology of (V) that, for any hED(V’), jr(k) is con-
tinuous on Dy(V); thus, by a result of Dieudonné and Schwartz [2], jvk is
continuous on D(V).) We claim that jy(D(V")) is dense in D(V)’. For, if B is
any-bounded set in D(V), then for some I, all kEB lie in some D(V), and
B is bounded in (V) (see [2]). It follows easily from the definition of the
topology of (V) that, for any 7, {k"’}keg are equicontinuous maps of
R—V. Thus, by the Theorem of Ascoli, B has a compact closure in Di(V),
hence also in D(V), that is, D(V) is a Montel space. Since D(V) is also
bornologic (see [5]), it is reflexive.

Now, suppose jy(D(V’)) is not dense in D(V)’. Then we can find an
LED(V)"” such that L0 and L-jy(D(V’)) =0. By the reflexivity of D(V),
we can find an AED(V) such that 20, and L-S=S-4 for all SED(V)'. In
particular, for any RE D(V"),

s) Lojvk = jvk-h = f [k(x) - () )dx.

Now, let o’ € V'’ be so chosen that v’ k(x) is not zero for all x. (The existence
of such a ¢’ is guaranteed by the Hahn-Banach Theorem.) We know that
v"-h&ED; thus, we can find an fED such that [f(x) (@ -k)(x)dx#0. If we set
k=f®qv in (5), we have

Ljvk = jokh = [ [(f ® 1) b

- [ 1@ h@ iz

#= 0.

This contradicts our assumption that L=0 on jy®D(V’) and shows that
Fv(b(V")) is dense in D(V)'.

Before proceeding to our main result, we shall need several preliminary
considerations. We shall say that the sequence {v,.’ }, where each v €V, is
slowly increasing if there exists a set of continuous semi-norms p; on V' which
are sufficient to define the topology of V’ such that, for each j, we can find an
1 with
(6) pi(va) = O(1 + n7).

The family of sequences {'v,,' } are said to be uniformly slowly increasing if,
for each j, the symbol O and the number 7 in (6) can be chosen uniformly for
all members of the family.
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LevyMaA 3. Let {92} _. be uniformly slowly increasing sequences in V' and
let {b,.} be any rapidly decreasing sequence of positive real numbers. Then
{b,‘vi‘“},., 1s bounded in V.

Proof. This is an immediate consequence of the definitions.

LEMMA 4. Let {vﬁ } me _ » be a family of uniformly rapidly decreasing sequences
wn V. Then we can find a rapidly decreasing sequence of positive numbers{bn}
such that {vﬁ/ b,.},::_,, are still uniformly rapidly decreasing.

Proof. Let {p,};2, be a sequence of continuous semi-norms on V which
are sufficient to define the topology of V. (Such a sequence {pj} exists because
V is metrizable.) For each j, n, we set

. sup [pj(vf)]l/2 if p,-(vf) s« 0 for some 3,
(7) bn = B

n~" otherwise.

It is clear that {bi’,},“,"__,° is a sequence of rapidly decreasing sequences of posi-
tive numbers. We extract a new rapidly decreasing sequence of positive num-
bers {b,} such that, for each j, for all but a finite number of # we have b}, <b,.
The sequence {b,} is defined as follows: Let a be a positive number such that
bi<a/(1+n) for all n. Since b, =0(1/(1+n?)) for all j, we can find a positive
integer n; such that, for n =#n,, we have

1 a

bn

a

IIA

by =

1+ n 1+ n?

More generally, for each £ we can find a positive integer 7, such that, for
n=ny,

7 a

® P E T

A

forj=1,2,---,k+ 1

We may obviously assume, in addition, that #;— « ; we define n,=0.
Now, we set

a

=1+ P forn=mey, me—1+1---m— 1.
n

) bn

Since ny— », b, is defined for all integers » and, moreover, {bn} is rapidly
decreasing. From (8) and (9) we deduce that, for each j, b, 2} for all but a
finite number of j.

Now, it is clear from the definitions that, for each j, {p;(v./b)) Y. are
uniformly rapidly decreasing sequences. It follows immediately that
{pj(v,,/b,.) }:,_,, are also rapidly decreasing sequences uniformly in V. This



1958] THE FOURIER TRANSFORM OF DISTRIBUTIONS 467

means that {v,./b,.} are uniformly rapidly decreasing sequences. This con-
cludes the proof of Lemma 4.

LEMMA 5. Let {v{,“}:,_ » be uniformly slowly increasing sequences in V', and
let {vﬁ}:__,, be uniformly rapidly decreasing sequences in V. Then we can find
an M>0 so that 3 |v\*-v5| < M for all &, B.

Proof. By Lemma 4, we can find a rapidly decreasing sequence {b,} of
positive numbers such that {(1 +n2)vﬁ/b,.},.,,q is bounded in V. By Lemma 3,
we know that {b./*}.. is bounded in V’. Thus, we can find a constant
M'>0 such that, for all #, «, 8, we have

M = | b, A+ e

=1+ n2) | v:.a'vil .

n

It follows that ».. |v,’,"‘~v5| SM' > 1/(1+n?) for all «, B, which gives the
desired result with M =M’ 1/(1+4n?).

Let fED(V); assume the carrier of f is contained in the interval [(+1/8
<x=1+7/8]. Denote by f* the map of R into V which is equal to f in
[ISx=<I1+27] and periodic of period 2, i.e. f*(x+2m) =f*(x) for all x&ER.
We define the Fourier coefficients f; € V of f* for any integer n by

*

(10) fa = f ff*(x) exp (—inx)dx.

The following proposition sums up the properties of the f¥ which we shall
need:

PROPOSITION 15. Let B be a bounded set in D(V); then the sequences { x }
are rapidly decreasing in V uniformly for fEB, i.e. for any continuous semi-
norm p on V and any j, p(f3) =0(1/(1+n?)) uniformly for fEB. The series
S f¥ exp (inx) converge to f*(x) in V uniformly for fEB, x&ER. If f*—0 in
Dy, then for any continuous semi-norm p on V, and any j, (1+ni)p(fi¥)—0.

Proof. The fact that the sequences { fx } are uniformly rapidly decreasing
for f& B is easily verified by standard methods in the theory of Fourier series.
(See e.g. [7, Chapter VII, §1], where the result is proved for numerical valued
functions; the result for vector valued functions is proved similarly.) From
this it follows that the series D f¥ exp (inx) converge in V uniformly for
f€B, x&R. Now, for any v/ &€V,

v fo= [T e (—inslds

so that o’ f; are the Fourier coefficients (in the usual sense) of the function
x—v" - f*(x). Thus,

v Zf: exp (inx) = Y (¢ -f:) exp (inx) = o -f*(x)
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by a classical theorem on Fourier series. Thus, by the Hahn-Banach theorem,
D f¥ exp (inx) converges in V to f*(x) uniformly for x€R, f&B. The last
part of Proposition 15 is easily verified by standard methods.

PROPOSITION 16. Let fED(V), and suppose that the carrier of f is contained
in [{4+1/8 <x<1+7/8]. Then we may write

(11) f= 5 ®

where {fp} is slowly increasing in D and {v.} is rapidly decreasing in V,and
where the series converges in D(V). The fa are independent of f and the va de-
pend linearly on f. If B is a bounded set in D(V), then we may suppose that the
sequences {v,.} are uniformly rapidly decreasing for f&EB. If f*—0 in Di(V),
then we may write

k 1 k
(12) f=2Xhoun
in such a manner that for any r>0, (14+n")vs—0 in V uniformly in n.

Proof. Let f* have the same meaning as in Proposition 15. Let t&D
satisfy
1forI4+1/8=x=14+7/8,
i(x) =

Oforx <l,orforx =14 1.

By Proposition 15 we have, for any xER,
(13) f@) = T 1(x) exp (inx)fu(x)

where the series converges in V uniformly for x &R. The result follows from
Proposition 15 and Lemma 5 on setting fi=t exp (inx), v, =fr.
For any SED(V), fED, vEV, we define AS(f)E V' by

(14) A v=S7f®

Let us denote by Q the space of continuous linear maps of ®—V’ with
the compact-open topology. Then our main result is:

THEOREM 10. N defines a topological isomorphism of D(V) onto Q.

Proof. It is easily verified that X\ is a linear map. From the above Lemma
2, \ is one-one. To show that X\ is continuous, we must show the following:
Let {S‘,} be a filter base in D(V)’ which —0 in D(V)’, and let B be a bounded
set in ®; then A\S,(f)—0 in V’ uniformly for fEB. By the definition of the
topology of a dual space, this is the same as saying that, for 4 a bounded set
in V,

(15) ASo(f) v=Saf®v—0
uniformly for fEB, vEA. But, it is easily verified that {f®v}senea is
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bounded in D(V). Thus, (15) is established, which implies the continuity of A.
Let {g,-}f__,, be a sequence of functions in D such that, for each j, carrier
g;C[i+1/8<x=<j+7/8],and for any xER, D g;(x) =1. Given any k&€ D(V),
we shall set hj=g;h, ie. hj(x)=g;(x)h(x) for any x&R. It is clear that
k;ED(V) for each j, and that = Y_h; where only a finite number of terms
in the series are different from zero.
By Proposition 16, we may write each %; in the form

(16) b= fr®

where {vf,},‘f,_,, is rapidly decreasing in V and {f,{}:__,o is slowly increasing

in D. Moreover, f] depends only on # and 7, and not on %, and the ), depend
linearly on .
Now, given any T&(Q, we define yT €D’ by

(17 vT-h=3 X Thiu
7 n=—o0
for any A& D(V). We must show that the series on the right side of (17) con-
verges and defines y7 as an element of D(V)’. Now, since TEQ, given any
continuous semi-norm p on V’ of the kind used to define the topology of V7,
we can find a neighborhood N of zero in D such that, for any fEN, p(Tf) 1.
Since { f,{},“,"__°° is slowly increasing, we can find a slowly increasing sequence
al} of positive numbers such that fI/a]E N for all n. Thus, p(Tf)) <al, i.e.
Tf}} is slowly increasing in V’. Since {v} is rapidly decreasing in V, by
Lemma 5, > o _. Tf}-v}, converges absolutely. Since only a finite number of
j appear in (17), it follows that the series on the right side of (17) converges
absolutely.

Now, f! is independent of %, and the v depend linearly on %. It follows
immediately that ¥T is a linear function on D(V). By reasoning exactly as
above, and using the fact that, for B a bounded set in D(V), all kEB have
their carriers in a fixed compact set of R, we deduce that ¥T is bounded on
the bounded sets of D(V). Thus, by a result of Dieudonné and Schwartz [2],
yTeD(V).

We claim that, for any T&Q, MyT'=T. For, given any f€ED, vE T,

MT(f)-v=v(T)-f ® v

If we set h=f®u, then h;=g,f®v. It follows easily from the definitions that
(16) becomes ‘

hi=gf®v= 3 f1® ew

where {e¢]}> _. is a rapidly decreasing sequence of constants. Thus, 17
becomes
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YT h

I

YT f®v= ZZTfﬁ-eiv

7

= Z En_: Te,];f:;-v
[T%eif,{:l-v

= Tf-v

because, as is easily seen, the series D ;.. elf! converges in D to f. This proves

that \yT=T.

From the above, it results that N is onto. Moreover, Ay =identity, so
AMyA=X\; since N is one-one and onto, this shows that yA =identity. Thus, v is
a two sided inverse for \.

To complete the proof of Thereom 10, it remains to show that v is con-
tinuous. It is obvious that + is linear, so we have to prove continuity only
at zero. Let 7¢—0 in Q, and let B be a bounded set in D(V); we must show
that y7T*-h—0 uniformly for h&€B. By Lemma 4 and Proposition 16, we
can find a rapidly decreasing sequence {b,f} of positive numbers such that,
for any j, the sequences {v,’,'/b,{}:[’.._°° as defined by (16) are stil uniformly
rapidly decreasing in V for k€ B. By Lemma 3 and Proposition 16, for each j,
{blfi} . _. is bounded in ©. Thus, by the definition of the topology of Q, for
each j, T*(bif))—0 in V’ uniformly in #. This means that, for each j,

j
T v =2

n

a, i i Un
(bnfn)'p

n

—0

uniformly for A& B. Since only a finite number of j are sufficient for all kE B,
it follows that
yT%-h — 0 uniformly for 2 & B.

This proves the continuity of v and concludes the proof of Theorem 10.

REMARK 1. Theorem 10 is the general theorem on kernels of L. Schwartz
(see A. Grothendieck, Products tensoriels topologiques et espaces mnucléaires,
Memoirs Amer. Math. Soc., no. 16, 1955; see also my paper On the theory of
kernels of Schwartz, Proc. Amer. Math. Soc. vol. 7 (1956) pp. 713-718 where
the special case V=9 is treated by a method similar to the above).

REMARK 2. Most of the above may be carried out if V is assumed to be
complete, but not necessarily metrizable. In that case, however, D(V) is not
an (LF) space in the sense of Dieudonné and Schwartz. If V is not metrizable,
then the map v can only be proved to be sequentially continuous or, more
generally, if 8 is a filter base of bounded sets of Q which —0 in Q, then
v(8)—0 in ®(V)’. The continuity of v in general is probably false; we have
not been able to construct a counter example.
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REMARK 3. Theorem 10 and its proof can be easily extended to the case
in which the real line is replaced by any separable indefinitely differentiable
manifold or double coset space of a Lie group.

7. Functions analytic in a strip. In this section we lay the groundwork for
the application of the theory of distributions to classical analytic function
theory. We study here the properties of functions analytic in a strip because
Fourier analysis seems especially amenable to such functions; corresponding
results for other regions may be obtained easily by conformal mapping. We
shall assume in this section that =1 although it is not difficult to extend
most of our methods to the general case.

ProrosiTiON 1. Let H and K be funciions on R for which e(H) and ¢(K) are
defined. Suppose e(H) =e(K); then for almost every xER, H(x) = K(x).

Proof. Let FED, F#0; then FH and FK are integrable functions. Clearly,
for every real ¢, FH exp (it-) and FK exp (it) are also integrable. Now, since
F exp (it-)ED,

e(H)-Fexp (it) = ¢(K)-F exp (it-)

or
f H(x)F(x) exp (itx)dx = f K(x)F(x) exp (itx)dx

for every t&R. Thus, the classical Fourier transforms of HF and KF are
identical. Hence (see [8]) for almost every x, H(x) F(x) = K(x) F(x). Since F
is an entire function different from zero, the result follows.

If b is any complex number and 4 a function defined on a subset of C, then
784 is the function (1,4)(2) =A(2—b) for z in an appropriate subset of C.

Let @ <b be real numbers, or a= — ®, or b= 4 . We shall say that the
function A satisfies property L[a, b] if

(a) 4 is analytic in the strip

(1) a<9() <b

(b) For any ¢ in the strip (1), e(r.4) is defined.
(c) For any GED, the integrals S R+,~¢|A(x)G(x)|dx are bounded uni-
formly for a <a’ £d b’ <b.

THEOREM 1. Let A satisfy property Lla, b]. Then for any GED and any
¢, d in the strip (1),

(2) A(2)G(2)dz = A(2)G(3)da.

R+c R4d
(3) E(T_dA) = Tc_de(T_cA).

Proof. It is clearly sufficient to consider the case where ¢ and d lie on the
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imaginary axis, say ¢=14c¢’, d=1d’ where ¢’ and d’ are real; we assume that
¢’ <d', the other case being treated similarly. Call B=A4G, so B is analytic in
the strip (1). Let p be any positive number such that

p = min (b — d)/2, (¢ — a)/2)).
Then for any z satisfying a+p <9(z) <b—p, by Cauchy’s formula,
1 B(w)

B(z) = — dw
1 Jlw—zl=p W — 2
27
= f B(z + pei®)ds.
0
Thus,
d’ d’ 2%
[+ inas| = | [ay [ B+ iy 4 pean
c’ c’ 0

2 d’
- ‘ [Fao [T ne iy pew)dy\
0 ¢’

d’'+p z+p
gf dyf | B(t + iy) | dt.
¢’'—p z—p

The functions F, defined by

z+p
Fuy) = f | B+ iy) | dt

—p

are continuous, converge pointwise to zero as x—, and are uniformly
bounded, because A has property L|a, b]. Thus, by the Lebesgue convergence
criterion,

d'+p
f F.(y)dy — 0
c¢'—p
as x— . Equation (2) is an immediate consequence of the above and
Cauchy’s theorem.
Formula (3) follows immediately from formula (2) and the definitions.
The next proposition may be regarded, in a certain sense, as an extension
of Morera’s theorem.

PROPOSITION 2. Let a <b be real numbers or a=— © or b=+ . Let SED’
have the following property: there exist sequences of real mumbers ar>a and
b;<b such that ay>a and b;>b, and for each j, k there are functions Fj, G for
which e(r_i,Gr) and e(ta;F;) are defined and equal respectively to T_u,S,
7_n;S. Then there exists a function A which satisfies property Lla, b] and such
that
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e(r_cA) = 7S
for any c in the strip (1). In particular, for any j,
T_in;A = T_iw,F; a.e.
and, for any k,
ToiagA = 7_ia, G a.e.

Proof. Let K& D; for any tER; exp (it-)K is again in D. Set
h(t) = e(1-is,G1) - K exp (it-)
Then for any &,
h(t) = e(1—is,G1) - K exp (it-)

= 7_4,5 K exp (it-)

= Ti(ap-anT—iapd K exp (it-)

= T iapS Ti@—ap K €xp (it)

= T iopS Tiar—an) KTi(a1—ap) €xp (it-)

= ewtr_ S 70— K exp (it-)

= e““‘“")‘f a(x -+ zak)K(x + ta; — ial)e“'dx.
Thus,
@ elo-e t(f) = f Gulx + ia) K(x + ia — iar)estd.

According to our hypotheses, the right side of (4) is bounded independ-
ently of . We conclude that e@#(t) is bounded independently of ¢. By
similar reasoning, we can show that the same is true of the functions
exp (b;—ay-)k for any j. Denote by H the classical Fourier transform of &.
Then the above shows us that H is analytic in the strip a —a; <9(3) <b—a,
and is bounded uniformly in any closed substrip. Now, by the classical
Fourier inversion formula, H=Kr_,,G, almost everywhere on R. Thus,

TialH = GlT,'alK a.e.

can be extended to a function which is analytic in the strip (1). Since K was
chosen arbitrarily in D, this means that there exists a function 4 whichis
analytic in (1) and which is equal to G, almost everywhere in R.

From the above it follows immediately that, if J is any element of D,
AJ is bounded in any closed substrip of (1). Since Z*JED, it follows that
Z®AJ is bounded in any closed substrip of (1). (Z is the function on C:z—2.)
From this it follows immediately that 4 satisfies property L|a, b].



474 LEON EHRENPREIS [November

From our hypotheses, ¢(7_;,4A) =7_:,S. Combining this with Theorem 1,
it follows that e(r_.4) =7_.S for any ¢ in (1). It follows from Proposition 1
that, for each j, 7_s,A =7_s,F; a.e., and for each k, 7_i, 4 =7_,, Gy a.e.

COROLLARY. Let F be continuous in (1) and SED'. Suppose that for each
¢ m (1), e(r_.F) s defined and is equal to 7_.S. Then F satisfies property
Lla, b].

PRroPOSITION 3. Let SEE'. Then we can find an entire function of exponen-
tial type G such that G satisfies property L[— o, | and such that S=¢(G).

Proof. We know (see [6]) that we can write
S = 2 e(P;M))
J=1

where P; are polynomials and M; are entire functions of exponential type
which are bounded on the real axis. By the Phragmen-Lindelof theorem (see
[4]) for some [>0 the functions exp (i[-) M, are bounded in the upper half
plane, and the functions exp (—i[-) M, are bounded in the lower half plane.

Call G= D_P,M;,; it follows from the above that, for any ¢>0, we can
find constants %, k such that

|Gz 4+ iy) | < k(14 |x|®

for —c<y=c. It is immediate that G has property L[— o, = ].

Let F be a function in the strip (1) such that, for any z in that strip,
e(r_,F) is defined. We say that SED’ is the boundary value of F at a if
limg.o e(T—ia_iaF) =S. (A similar definition is given for boundary value at b.)
We assume in the definition that ¢ — « (or that b# 4 =).

PROPOSITION 4. Let F have property Lla, b] where as% — . Suppose that
SED’ is the boundary value of F at a. Then for any c in the strip (1),

(5) TS = e(T_ia=cF).
Proof. We showed in §2 that z—7,S is a continuous map of C into D"

Thus,

T_@S‘ = T_¢ lim C(T_,'a_,‘dl")
d—0

= lim 7_.e(7_ia_waF)
a—0

= lim e(r_js—ia—.F) (by Theorem 1)

a—0

= lim 7_¢(7—_i_cF) (by Theorem 1)
a—0

C(T...'a_,;F)



1958] THE FOURIER TRANSFORM OF DISTRIBUTIONS 475
by the above-mentioned continuity of translation.
From Propositions 1 and 4 we have

CoROLLARY. Let A and B both saiisfy property Lla, b], where as — .
Suppose that A and B both have the same boundary values at a. Then A = B.

PROPOSITION 5. Let F satisfy property Lla, b] where as% — . Then there
is an SE D’ which is the boundary value of F at a.

Proof. Let a <d<b, and set T=F'e(r_uF). We claim that
S=Fexp(d—a)T
is the boundary value of F at a. We have, for any a <c¢<b,
e(7—icF) = e(Ti@—cyT—iaF)
= 7;4-o)¢(r—_waF) (by Theorem 1)
Fexp(d—c)T
=Fexp(a—c)exp(d—a )T

= Ti(a—-c)S-

I

The proposition results immediately from the above and the continuity of
translation.

The above proposition shows us why it is often inconvenient to allow
a= — o (or b=+ «) when considering boundary values: Let 4 be a function
which is defined in a strip —  <I(2) <b, and suppose that for each ¢ in this
strip, e(r_c4) is defined. Then we would expect to define S&D’ as the
boundary value of 4 at — e« if limg., e(7:ed) =S. But then Proposition 5
is false if we allow a=— as the example Z, which satisfies property
L[— »,® ] shows.

PROPOSITION 6. Let a <c<b. Let F satisfy property L|c, b] and let G satisfy
property Lla, c]. Suppose the boundary values of F and G at ¢ are equal. Then
there is a function H which satisfies property Lla, b] and which is an analytic
continuation of F and G.

Proof. This is an immediate of Propositions 2 and 4.

Let B be a subspace of D’. We shall say that B has property M if

(1) B is contained in the space 8’ of Schwartz (see [6]).

(2) Bis a module over the space 8§ of Schwartz under convolution, that is,
for each T&€B, FES, FxT&B. (This convolution has meaning since § is
clearly a subspace of E.)

(3) For each TEB, F—Fx*T is a continuous map of § into B.

Let us denote by ® the space of inverse Fourier transforms of B with the
topology to make the Fourier transform (restricted to B) a topological iso-
morphism of ® onto B. Then B has property M if and only if
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(1) ® is contained in the space §'.

(2') ® is a module over § under multiplication, that is, for TE®, fES,
Trea.

(3') For each T&®, f—fT is a continuous map of § into ®.

If V is a topological vector space of equivalence classes of locally sum-
mable functions (two functions being identified if and only if they arc equal
a.e.) then we denote by {V the space of {f for fE V with the topology to make
i a topological anti-isomorphism (j is clearly one-one). If, for each fEV, ef is
defined, then we define eV as the space of ef for f&V with the topology to
make e a topological anti-isomorphism.

For 1=p =< «, we denote by L, the space of functions on R whose pth
powers are integrable; L, being given the usual norm. It is clear that each
eL, has property M. Denote by £, the space of Fourier transforms of {L,
with the topology to make the Fourier transform a topological isomorphism.
Thus, £:=¢L; and £,CeL, for 1 =p =2, where 1/p'+1/p=1. For p>2 we
do not know whether each T& £, can be represented in the form eF where F
is a locally summable function on R. Since the spaces jL, clearly satisfy con-
ditions (17), (2'), and (3’) above, the spaces £, also satisfy property M.

Other examples of spaces which satisfy property M are the spaces 8, §’,
O} of Schwartz (see [6]), and the spaces &, E'.

We come now to our extension of the following theorem of Phragmen and
Lindelof: Let F be analytic in the open strip 2 <9(2) <b and continuous in
a closed strip. Suppose that 7_;,F and 7_3F are bounded functions and that
F does not “grow too fast” at infinity in this strip. Then F is bounded uni-
formly in this strip. (See [7] for the precise conditions of the theorem.) Now,
the fact that 7_;,F and 7_3F are bounded means they are in L. Suppose in-
stead of 7_uF and 7_3F being in L, that they are in some L, space or, more
generally, if e(7_F) and e(7_»F) are in some space V which satisfies property
M. Then we shall show that, if a < ¢ < b, e(T—:i.F) € M and the set
{7_:aF}asage is bounded in V whenever a <a’ <¥’ <b.

LEMMA. Let hE S vanish for all x c for some c&ER. Suppose also that there
is an a>0 so that, for any k,

( il )(a) = Otexp (o).

aXx*
Then
a. H is analytic in the strip — o <d(z) <a.
b. For any z in this strip, T_HES.
c. Whenever c<d<a, the set {7_sH} 5054 is bounded in 8.

Proof. Statement a is obvious. Part b follows from the fact that 7.H is
the Fourier transform of exp (iz:)k which is clearly in § for any z with
— o <9(2) <a. Part c follows from the obvious fact that {exp (—1e-) }cs,sa
is bounded in S.
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" PRrROPOSITION 7. Let h satisfy the above hypotheses and let TES’. Then the
Fourier transform of hT can be represented as e(k) where K satisfies property
L[—, a]. (We consider hEE and TED'.)

Proof. Let S denote the Fourier transform of T, so also SES. It is known
(see [6]) that we may write
F(hS) = HxS = ¢(S* H)
where S*H is the function on R:
S*H)(x) =S r.H

and S*H is in the space Oy of Schwartz.

Now, we may write S in the form S=(d"/dX")'e(G) where G is a slowly
increasing continuous function on R (see [6]). For any z with — » <4(z) <a,
define

K(z) = fG(x)H")(z — x)dx.

In virtue of the above lemma, the integrals converge uniformly for z in any
compact subset of — « <I(2) <a so that K is analytic in this strip. Moreover,
K (x) = (S+H)(x) for x€R. Finally, let |G(x)| Sen(1+]|x|*) and

|HO@G@ — x)| S as(1 + |2 — x|

for b=<1(z) £d, where b<d<a, and where ¢, oy and «a, are constants. (The
existence of a; is assured by the above lemma.) Now, by the lemma of §4 of
[5], we have

are(1+ | 2|91+ | ]2
14 |z — x|t

L o+ | x| t+2)

T4 |z x|

as(l + | z]"2)

for all < I(z) £d, where a3, a4 are some constants. Thus, we can find a con-
stant a5 such that, for all 6=<49(z) <d,

| K(z)| < as(1 + | 2]|*).

1+ |2)|G@)]| |HPGE—x)| =

I\

This implies immediately that K has property L[— «, a].

COROLLARY. Let a, b be positive numbers and let fES. Suppose that, for
any k, (d*f/dX¥)(x) =0(c™**) as x—+ © and that (d*f/dX*)(x) =0(e") as
x—— . Then, for any TES', the Fourier transform of fT can be represented
by e(K) where K satisfies property L[ —a, b].
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Proof. Let s~ and s* be non-negative valued {unctions in & such that

1. s7(x)+st(x) =1 for all xEK.

2. st(x)=0for x= —1, s7(x) =0 for x=1.
Then the functions s*f satisfies the hypotheses of Proposition 7 so that the
Fourier transform of s*fT can be represented as e(K*) where K+ satisfies
property L[— o, b]. A similar argument shows that the Fourier transform of
s=fT can be represented as e¢(K~) where K~ satisfies property L[—a, « ].
Since fT =s7fT+s%fT, the result follows with K =K~-4K+*.

THEOREM 2. Let B be a space which satisfies property M, and let TE D', Let
a<b be real numbers, and suppose that 7_;,T and 7_3T are in B. Then there
exists a function K with the following properties:

(o) K satisfies property Lla, b).

(B) For each ¢ in (1), e(r_.K) =7_.T.

(v) Whenever a <9(c) <b, e(r_.K)EB.

(8) {C(T_CK)} is bounded 1n B whenever ¢ stays in a compact set of (1).

Proof. Denote by U the inverse Fourier transform of T'; our hypotheses
imply thatexp (—a-)Uandexp (—b-)Uare in ®. Let t* and ¢~ be real valued,
non negative functions in E which satisfy

1. t+(x)+t(x) =1 for all xER.

2. tt(x)=1forx=1, i (x)=1for x < —1.

Suppose that a £94(d) £b, then we have

exp (id-)U = ¢+ exp (id-)U + ¢~ exp (id-)U

(©) =t‘Mexp(—b~)U+t+x——exp(—-a~)U.
exp (—b-) exp (—a-)

If a<9(d) <b, then t exp (1d-)/exp (—b-) and tt+ exp (id-)/exp (—a-) are
clearly in 8. Thus, exp (¢d-) UE® which means that 74T EB.

On the other hand, if ¢ <94(d) <b, then ¢t~ exp (id-)/exp (—b-) vanishes
for all x=1 and is Ofexp (b—I(d)-)] as x—— . Thus, by Proposition 7,
the Fourier transform of t~(exp (¢d-)/exp (—b-)) exp (—b-)U can be repre-
sented as ¢(K~) where K~ satisfies property L[g(d)—b, o« ]. Similarly, the
Fourier transform of tt(exp (id-)/exp (—a-)) exp (—a-)U can be repre-
sented as e(K+) where K+ has property L[ — «, 9(d) —a]. We conclude from
(6) that 7_4T can be represented as e(K*) where K* satisfies property
L[9(d)—b, 9(d) —a]. Combining the above with Theorem 1, we see that we
have established assertions (), (8), and (y) of Theorem 2.

Now, it is clear that

are bounded sets in .S whenever d stays in a compact set of (1). Thus, on ac-

exp (id-)
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count of the continuity of the map f—fV for VE® of §—>®, it follows from
(6) that {exp (id-) U} is bounded in ® for d in any compact set of (1). Part (5)
of Theorem 2 results immediately.

COROLLARY. Let a <b be real numbers, and let F have property L[a, b]. Sup-
pose that the boundary values of F at a and b are in a space B which satisfies
property M. Then for any z in the strip (1), e(r_.F) EB. Moreover, if K is any
compact subset of (1), {e(r_,F) },eK is bounded in B.

Proof. Denote by 7_,T the boundary value of F at a (where T&ED’). Then,
by Proposition 4, for any z in (1), 7_,T =e¢(r_,F). This implies that 7_,T is the
boundary value of T" at b. The result is now an immediate consequence of
Theorem 2.

We do not know whether, under the hypotheses of Theorem 2, the set
{7_iT }azess is bounded in B. It is easy to give additional hypotheses on B
in order that this be true. In case that B is a space £,, we can obtain this
result and even more precise information. However, we do not know, even
for these spaces, the best possible result.

,yor any f&€L,, we denote by ”f“,, the usual norm of fin L,. For S&eL,,
|| S|I% is defined as ||e=15]|,, with a similar convention for SE{L, or SE &,.

THEOREM 3. Under the hypotheses of Theorem 2, if B is a space £, then,
whenever a <d <b,

() [Tl = ll7—sTll5 + [lr—aT]5.
In particular, {T_.icT}ascgb 1s bounded in B.

Proof. Let a <d <b, and denote by U the inverse Fourier transform of T.
Then, in Equation (6), we may clearly choose the functions ¢+ and ¢~ in such
a way that

(8) max (~(x)e®d < 1 max H(x)eled= < 1,
)
zeR zeR

Now, it is obvious from the definitions that, for VEiL,, FES,
£V, < [|Fll) V]l

Equation (7) results from this and Equation (6).
Regarding the spaces L,, we have the following:

THEOREM 4. Let F satisfy property Lla, b] where a <b are real numbers.
Suppose that 7_ F and 1_sFE L,, and moreover, that for some €>0 the set

2 b
9) exp [—cosh 1r( — e) < - + a)] er_,F}
b—a 2 as9 (z)<b

is weakly bounded in D'. Then log ||7_i.F||, is a convex function of ¢ for a ¢ 5.




480 LEON EHRENPREIS [November

Proof. Let a <d <b, and let IICD satisfy ||H||,» £1 where 1/p+1/p’ =1.
Set

G(2) =f H(x)F(x + 2)dx = er_,F-H = 7_¢F-H

for a £9(2) £b. By Theorem 1 of §2, G is an entire function. By our hypoth-
eses, G is bounded on the lines 9(2) =a and 9(z) =b by Ilf_iaFllp and H‘r_,z,F”,,
respectively. In addition for some €¢>0,

| exp [—cosh #(2/(b — a) — €)(z — (b + a)/2)]G(2) |

is bounded in the strip ¢ £9(2) =b. Thus, by the classical Phragmen-Lindelsf
Theorem, we have

| er_wF-H| = G(id) < max (||7—wFllp, [|7—aFll,).
Since D is dense in L, this gives
(10) “T—idF“p S max (”T—iaF”m H"—'%FHP)-

Now, let a £a’ £d b’ b, and choose a so that e2@'||7_q |, = ¢'l|7_ s Fl| .
Then, applying the inequality (10) to exp (—1a)F in place of F, we obtain

e|r_aFll, < e|lroiaFll, = e¥||7—wF]

P

|,)/(b" —a’) we find easily

Using the fact that a=(log ||7_w Fl|,—log ||7_a F

b a
log ”T~idF”p = % log ”T—ia’F“p + b'—a; log ”T_ib‘FHp

which is the desired result.
REMARK 1. It is probably always true that if F satisfies property L{a, b]
then, for some €>0,

2 b+ a
{exp [cosh 7r< - e) (z — )] er_,F}
b—a 2 as9(2)sb

is weakly bounded in D’.

REMARK 2. In the above theorem we can replace the spaces L, by any
normed space A of functions on R such that

(1) A satisfies property M.

(2) eD is dense in A’.

(3) For any fEA, x a real number, the 4-norm of 7;,f is the same as the
A-norm of f.

In particular, the theorem is valid for the spaces £, and, by Theorem 3,
the additional hypothesis (9) is not needed for these spaces.

THEOREM 5. Let a be a real number, and let B be a space which satisfies
property M. Let TED', and suppose that, for some d>0, {exp (—dc)r_;cT}c;a
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is weakly bounded in D’. Suppose, moreover, that 7_, T E M. Then there exists a
function F satisfying property Lla, =] such that

() Whenever 9(2) =a, e(r_.F)=7_,T.

(B) For all z with 9(2) Za, ¢(t_.F)EB.

(v) e(r—_.F) is bounded in B when z stays in a compact set of 9(z) >a.

Proof. Denote by U the inverse Fourier transform of T, so that 74U is the
inverse Fourier transform of exp (id)T. Since {T..{c [exp (id-)T] }c;a is weakly
bounded in D', it follows from Theorem 4 of §2 that the carrier of U is con-
tained in [—dSx< o ].

Now, if 9(2) Za, the inverse Fourier transform of 7_,T is

(11) FiGT) = exp ()0 = ¢ T2 ) 0 iay
exp (ia-)

where ¢ is a real-valued indefinitely differentiable function on R such that
t(x)=1forx= —d, {(x) =0 for x £ —d —1. Now, clearly, for 9(z) >a,

t exp (iz-)/exp (ia-) € S,

and, in fact, the functions ¢ exp (iz-)/exp (<a-) form a bounded set in S when-
ever z lies in a compact set of 4(z) >a. The result now follows by the definition
of property M.

COROLLARY. Let F be an entire function of exponential type, and let B be a
space which satisfies property M. Suppose for some d, er_aF & B. Then for every
2, ¢(1:.F) € B. Moreover, as z varies in a compact set, {ef,{F} remains in a com-
pact set of B.

Proof. Since BCS’, by the Paley-Wiener theorem (see [5; 7]) we see that
the Fourier transform U of ¢F is a distribution of compact carrier. Suppose
that the carrier of U is contained in the interval [—a<x=<a]. Then the sets
{exp (= (a+1)c)7_wF} .21 and {exp ((@+1¢)7_ieF} <1 are bounded in D'.
The result now follows easily from Theorem 5.

8. General remarks. Theorem 3 of §3 shows us that

l—aTlls < ll—aTll, + [l—aTll,

in the notation of that theorem. The question naturally arises as to the best
possible (smallest) expression for ||7_.vdT“,, in terms of Hf_,-aT”,, and 'IT_ibT”p.
For this purpose, we may assume (by considering 7_;,T instead of T) that
d=0 and that a= —¢, ¢>0. In that case, in virtue of Equation (6) of §7,
the best possible result which can be obtained by our methods depends on the
solution of the following problem: Among all functions N&E§ for which, for
any k,

[dii;k ()\ exp (b))] (x) = O(e—b.z) as x_)+ ®,
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d*
[ e 60 @) = 06 as 5 = =,
with a similar property for (1—X\) exp (a-) in place of X\ exp (b-), determine
the minimum value of the expression

ay Tea;( [ A(x) exp (bx) l + a meaRx | (1 — A(x)) exp (ax) |

where a; and o, are constants. (For the application to our problem of the best
possible result, we take ay=||7_WT]|, az=||7_aT||,.) We have not yet been
able to solve the above minimum problem.

In the corollary to Theorem 2 of §3, we assumed that F satisfies property
L[a, b]. Now, this “growth at infinity” property of F is certainly not the best
possible. In order to improve this, we must make use of the following con-
siderations:

Let V be a topological vector space of entire functions such that

1. For each GE€V, z&C, 1.GES and 7.GE V.

2. For any TE€V’, z—7.T is a continuous map of C into V’.

3. For any real number ¢ and any GEV, exp (#-)G is again in V.

4, There is no z&C at which all functions of V vanish.

Now, if H is any locally summable function on R such that, for any GEV,
JH(x)G(x)dx is defined and also G—[H(x)G(x)dx is a continuous linear func-
tion on V, then we define ey HE V' by

evH-G = fﬁ(x)G(x)dx

for any GE V. If a <b, we can now define a property Ly[a, ] in a method
analogous to the definition of property L[a, ] (which we might now regard
as property Lp[a, b].) We may also define the concept of the boundary value,
over V, of a function K at a in a manner analogous to the definition of bound-
ary value in §3. For each result of §3, the analogous result for the space
V instead of D may now be proven exactly as the corresponding result of §3
was proven. In particular, the Corollary to Theorem 2 of §3 goes over into
the following result which is the best possible obtainable by our methods.

Let B be a space which satisfies property A, and V a space which satisfies
Conditions 1, 2, 3, 4 above. Let a<b, and let F satisfy property Ly[a, b].
Suppose that the boundary values over V of F at @ and b are in B. Then, for
any z such that a <4(z) <b, ey(r_.F)EB and, if K is a compact set of the
strip a <9d(z) <b,

{ eV(T—zF) } 2€K

is bounded in B.
From the above, it follows that F satisfies the conclusions of the above if,
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for example, there exists a constant B such that, for each closed substrip W
of a<9d(2) <b, we can find a constant A with

| F(z)| < Ae's®

for all zEW': For in that case, let & be an even integer greater than B;let V
be the space of all multiples of exp (—ZF) by functions of the form P exp (i)
where P is a polynomial and ¢ is a real number. The topology of V is defined
by means of the semi-norms

v4,,(G) = max | e“’G(z)I
zeCy

for any GE V, where d is any positive number, and 0 <p <k. It is easily seen
that V satisfies Conditions 1, 2, 3, 4 above and that F satisfies property
LV [(l, b]

It is possible to improve the above method slightly by considering topo-
logical vector spaces W of functions which are analytic in a strip a <4(z) <83
and which satisfy properties analogous to Properties 1, 2, 3, 4 above. Of
course, for z&C, HEW, 7.H need no longer be in W, so Conditions 1 and 2
have to be suitably modified. However, we shall omit the details of this
method.
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